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0. Introduction 
Let X be a locally compact group with a left Haar measure p (CL need not be 
right invariant). Let f: Xq be a l-l map. Then f is called measurable if f’(F) is 
a Bore1 set whenever F is a Bore1 subset of X. Here a Bore1 set is taken to be a 
member of the g-field generated by all closed subsets of X. f is said to be measure 
preserving if it is measurable and p(f’( F)) = p.(F) for all Bore1 subsets F c X. f 
is said to be ergodic under p, if it is measurable and whenever F c X is a Bore1 set 
such that f’(F) = F we have either p(F) = 0 or p(X\ F) = 0. We remark that a 
continuous automorphism of X is measurable. 
In Ergodic Theory, the question of whether the Haar measure of a non-compact 
locally compact group can be ergodic under a group automorphism was raised by 
P.R. Halmos (p. 29, [7]). For the subclass of abelian groups and connected groups, 
the question was answered as follows. 
Theorem A. (M. Rajagopalan [ 131, S.A. Yuzvinskii [ 181.) Let X be a locally compact 
group with a left invariant Haar measure p and f be a continuous automorphism of 
X. If (X,A t_~) is ergodic and X is abelian, then X is compact. 
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Theorem B. (R. Kaufman and M. Rajagopalan [9], T.S. Wu [17] and [18].) Let X, 
f and TV be as in Theorem A. If (X, f; cl) is ergodic and X is connected, then X is compact. 
Moreover it was stated without proof in S.A. Yuzvinskii (p. 49, [19]) that the 
question was reduced to the consideration of the case when X is totally disconnected. 
More precisely, 
Theorem C. Let X, f and t_~ be as in Theorem A and X0 be the connected component 
of the identity e in X. Zf (X, X t_~) is ergodic and X/X, is compact, then X is compact. 
For completeness we shall give a proof of Theorem C in the final section. 
The purpose of this paper is to prove the following. 
Theorem 1. Let X be a locally compact group with a left invariant Haar measure t.~ 
and f be a continuous automorphism of X. Zf (X, f) . IS er o tc under TV and X is totally g d’ 
disconnected, then X is compact. 
If Theorem 1 holds, then an answer for Halmos’s question will be obtained by 
combining Theorems A, B and C and Theorem 1. More precisely we describe the 
answer as follows. 
Theorem 2. Let X be a locally compact group and f be a continuous automorphism of 
X. Zf (X, f) is ergodic under a left invariant Haar measure, then X must be compact. 
For the proof of Theorem 1 we shall use the definitions and the results in 
topological groups and topological dynamics for locally compact spaces. 
It is well known that whenever X is a-compact there is a normal subgroup H’ 
such that X/H’ is metrizable and separable. Assume f is bicontinuous. Put K, = 
n:, f’(H’) for n SO. Then K,xK2~...~nKK,=H. For n>O it follows that 
X/K, is isomorphic to some subgroup of the direct product group X “,( X/f’( H’)). 
Since each X/f’( H’) is separable and metrizable, so is Xl K,. Since K, L H, it is 
easily checked that X/H is separable and metrizable. When X/H and H are 
compact, so is X. If (X,f; )(L) is ergodic, then f is bicontinuous and p-measure 
preserving ([13]). And moreover X is v-compact. For, let V be a compact symmetric 
neighborhood of the identity in X. Then the group F generated by V is open and 
a-compact. Since f is bicontinuous, the set f’(F) (--CO < j < ~0) are all cT-compact, 
so that the group K generated by {f’(F): --OO < j < a} is open and cT-compact. 
Clearly f’(K) = K and hence K = X by ergodicity. 
Therefore Theorem 1 will be reduced to the case when X is metrizable and 
separable and f is bicontinuous. Moreover the assumption that (X,f; p) is ergodic 
will be changed to the assumption that (X, f) has a dense orbit. For, since X is a 
Baire space and f is p-measure preserving, by ergodicity we can find x E X such 
that {f”(x): n E Z} is dense in X (p. 26, [7]). Under the conditions mentioned above 
it will be enough to prove Theorem 1. 
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We shall now give the definitions used in the proof of our result. Let Y be a 
locally compact metric space with a metric function d and g be a homeomorphism 
from Y onto itself. We recall that (Y g) is topologically mixing if and only if for 
non-empty open subsets U and V there is M > 0 such that U n g”( V) # 0 for all 
n 2 M. The property is independent of the compatible metric function used. If ( Y, d) 
is complete and (Y, g) is topologically mixing, then it follows that (Y, g) has a 
dense orbit. 
We say that g is expansive under d if there is c > 0 such that x # y implies the 
existence of n E Z such that d(g”(x), g”(y)) > c, and that c is an expansive constant 
for g. When h is a continuous map, we say that h is positively expansive if there is 
an expansive constant c > 0 such that for x # y there is n 2 0 with d(h”(x), h”(y)) > c. 
A sequence {x,I,,(,,t,) (--CO d a < b s ~0) of points is called a &pseudo-orbit under 
d for g if d(g(x,), x,,,) < 6 for i E (a, b - 1). Given E > 0, a pseudo-orbit {x,} is said 
to be E-traced (under d) by a point x E Y if d(g’(x), x,) < E for i E (a, b). We say 
that g has the pseudo-orbit tracing property (abbrev. P.O.T.P.) under d for g if for 
every E > 0 there is 6 > 0 such that every &pseudo-orbit under d for g can be 
e-traced by some point in Y. Note that P.O.T.P. is defined for continuous maps. 
For locally compact spaces, the properties of expansiveness, positive expansiveness 
and P.O.T.P. depend on the compatible metric functions. However for compact 
spaces, they are independent of the compatible metric function used. Let cp: Y + X 
be a homeomorphism for which cp ml is uniformly continuous. If g is expansive or 
positively expansive, then so also is cp 0 g 0 cp-‘. In particular, if cp and PO-’ are 
uniformly continuous and if g has P.O.T.P., then cp 0 g 0 ‘pm’ clearly has P.O.T.P. 
The following is a known result in compact metric groups. 
Theorem D. ([ 11.) Every continuous automorphism of a totally disconnected compact 
metric group has P.O. T.P. 
The conclusion of Theorem 1 will be obtained in proving the following two 
propositions. 
Proposition 3. Let X be a locally compact totally disconnected metric group with a left 
invariant metric function d, and f be a bicontinuous automorphism of X. Zf (X, f) is 
topologically mixing and has P.O.T.P. under do, then X is compact. 
Proposition 4. Under the notations of Proposition 3, if (X, f) has a dense orbit, then 
(X, f) is topologically mixing and has PO. TP under d,. 
1. Proof of Proposition 3 
If X is discrete, then X is trivial since (X, f) has a dense orbit. Therefore it is 
enough to give the proof for the case when X is not discrete. 
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Since X is totally disconnected and locally compact, X contains a compact open 
subgroup N. In general N is not normal in X (p. 57, [12]). 
Claim 1.1. &=inf{d,(xN, N): xE N}>O where d,(V, W)=inf{d,(x,y): xE V, yE 
WI. 
Proof. If &, = 0 then for n 2 1 there is x, E N such that d,(x,N, N) s l/n, which 
implies d,(x,N, N) = d,(y’,x,y,, e) s l/n for some y,, y: E N. This contradicts 
yLxdv, E X\N for all n 2 1. 
We let U,,(e, do) = {x E X: d,(x, e) < n} for n > 0. Take E which satisfies 0 < E < i&, 
and lJE(e, d,) c N. Let 6 be the number with the property of P.O.T.P. under d,, for 
f: If {U&x,, d,), . . . , U6,2(xk, d,)} is a finite open covering of N, then there is 
M>O such that f”(U,(e,d,))n U,,,(x,,d,)#fl for lsls k (since (X,f) is 
topologically mixing). Let g =f”. Then (X, g) is topologically mixing. 
Claim 1.2. Let E and 6 be as above. For a sequence {y,} of points in X, if {yi} is a 
S-pseudo-orbit under do for g, then it is e-traced (under d,) by some y E X. 
PrOOf. Set X,M+j =f’(y,,) for Osj< M - 1 and n E Z. Then {xi} is a &pseudo-orbit 
under do forf: Hence there is y E X such that d,(f’(y), xi) < E (i E Z). If, in particular, 
i = nM then d,(f”“‘(y), x,,~) = d,(g”(y), y,,) < E for i E Z. 
Claim 1.3. x E Ng(N) if and only if g(N) n x-‘N # 0. 
Proof. This follows directly. 
Claim 1.4. ForxEX, ifthere is L>O such that gL(N)nx-‘N#@, then gLt’(N)n 
x-‘Nit0 for allj30. 
Proof. Since g”(N) n x-l N # 0, there is p E N such that g”(p) E x-l N, in which 
case p is contained in some neighborhood Uslz(x,, d,). Choose XL in g( UE(e, do)) n 
Us,2(x,, d,). Then xO=g-‘(xh)~ U,(e, d,) and g(x,J=xhE UsJx,, do). Hence 
{x0, P, g(p), * . * , g”(p)) is a S-pseudo-orbit under do for g. By Claim 1.2, there is 
y E X such that dJx;‘y, e) < E and d,(gL( p)-‘gL+‘(y), e) < E, from which we have 
y E N and gL+‘(y) E gL( p) N = x-l N. 
Claim 1.5. Ng’(N)c Ng’+‘(N)for alljZ=O. 
Proof. This is easily obtained from Claims 1.3 and 1.4. 
Claim 1.6. Let N, = Ng( N) * . . g”( N)for n 2 0, then N, = Ng”( N) and UnaO N, = 
X. 
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Proof. It is clear that N, = Ng”(N) for n 2 0 by Claim 1.5, and that K = IJ IV,, is 
contained in IJ,,, UN,, for every open neighborhood U of e. Taking N as U, we 
have Z? = K (hence K is open and closed). Obviously g(K) c K. Since (X, g) has 
a dense orbit, it follows that K\g( K) = 0, which implies K = X. 
Since g-‘(N) is compact, there is k > 0 such that g-‘(N) c Nk. Hence Nk c Nk+, c 
g( Nk). Since Nk is compact open, we have Nk = g( Nk) and hence Nk = X. The 
proof of Proposition 3 is completed. 
2. Proof of Proposition 4 
Since X is separable, there is a sequence U, 1 U, =I . . .I n U,, = {e} of compact 
open neighborhoods of e in X. Then each U,, contains a subgroup B, that is compact 
open (because X is totally disconnected). Fix mOa 1 and put A = n;fi(B,,J. Then 
A is a compact subgroup and f(A) c A holds. 
If the left coset space X/A is discrete, then A is open in X. Hence either X is 
discrete orf(A) = A holds. If X is discrete, then X is trivial: i.e. X = {e}. Iff(A) = A, 
then X = A. In any case X is compact. Hence (X,f) is ergodic under the Haar 
measure p, since (X,-j) has a dense orbit ([ 141). Hence (X,f) is mixing under p 
([19]) (in fact Bernoullian under p). Since p(U) > 0 for any non-empty open set 
U, we have that (X,f) is topologically mixing. Moreover (X,f) has P.O.T.P. by 
Theorem D. 
It only remains to give the proof in the case when X/A is not discrete. To do 
this, we shall prepare claims to get the steps that will lead us to this end goal. 
Put Y =X/A and Y, = B,/A. Define the continuous map g: Ys by g(xA)= 
f(x)A (x E X). Then g is an open map, since the projection from X onto X/A is 
open. Now define a compatible metric function d, of Y by 
d,( xA, yA) = inf{ d,( xa, yb): a, b E A}. 
Then g is uniformly continuous under d,, and (Y, d,) is complete. Since Y, is 
compact open in Y, for 2 = A E Y there is Q> 0 such that U,,(C, d,) c Yl. 
From now on, fix E, with 0 < E, < min{e,, l/2’}. 
Claim 2.1. (Y, d,, g) is positively expansive and E, is its expansive constant. 
Proof. For X=xA, y=yA~ Y, if d,(g”(%), g”(j))<&, for all n20, then 
f”(y-‘x)A E U,,( 2, d,). Hence f”(y-‘x) E B,, which implies 2 = J. 
Claim 2.2. For every 6 > 0 there is n,> 0 such that ifd,(g’(x), g’(j)) < Ed (Osj~ n,), 
then d,(n, j) < 6. 
Proof. Ifthis is false we can find n > 0 and X, = xnA, j,, = y,A E Y such that dl(g’(n,), 
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g’(Y,)) < El (OSjC n) and 4 (% Yn ) 2 6. Since 4($(G), g’(Y,)) = 
di(g’(y,‘xA), A) < el, g-‘(y,‘~,A) E Y, for 0 G j < n. Since Y, is compact, assuming 
y,‘x,A+ zA (n + a), we have d,(g’(z)A, A) s E, for all j 2 0 and moreover 
d,( zA, A) 3 6, thus contradicting the positive expansiveness. 
In establishing P.O.T.P. for ( Y, d,, g), we need Frink’s metrization lemma used 
in E.M. Coven and W.L. Reddy [5]. Let V,= Y x Y and for n 3 1 let 
V,={(X,y): d,(g’(i),g’(y))<si,O~j~n-1). 
Denote by A the diagonal set of Y x Y. Then {V,,} is a decreasing sequence of open 
symmetric neighborhoods of A. Let $ = g x g: Y x Yp. Obviously +( V,,) c V,_, for 
n 2 1. Since V, is an open neighborhood of A, there is 6 > 0 such that U,(A) c V,. 
By Claim 2.2, V,+,c U,,,(A) for some n,s 1. Then V,+,o V,+%o V,+,,C V,. Now 
let us put 
U,= V, and U, = V,+Cn-,jn, (n > 1). 
Claim 2.3. ([15].) n,,,, U,, = A and for n 2 0, U,,,, 0 U,,,, 0 U,,,, c U,,. 
Proof. Since (Y, d,, g) is positively expansive, it is obvious that V, L A. Hence 
n,,,, U,, = A. The second relation is clear for n = 0, 1. Let p = (X, J) E 
U II+, o U,+, a U,+, for n 3 2. Then there are CT, 6~ Y such that (X, a), (a, 6), (6, j) E 
U nt,’ For O<j<(n-l)n, we have 
- - 
ccs(IJ) = I(g’(3, g’(d))) o {(g’(a, f?(b))) o {(g’(b), g(Y))) 
= (cjc Un+J o (vc Un+,) oV( Un+,) 
c V+nf~~-, ’ Vl+n%-j -j ’ VL+~~,-, 
= v,+q” v,+%O v,+,= v,. 
Therefore d,(g’(%), g’(j)) < E~ for Ocjs (n - l)n,, in which case p E U,,. 
The sequence { U,,}n30 of open symmetric neighborhoods satisfies all the conditions 
of Frink’s metrization lemma (cf. p. 185, [lo]). Therefore, there is a metric function 
d, for Y such that 
U,, c {(a, y): d2(%, 7) < l/2”}= lJ,_, 
for n 2 1. Clearly id: ( Y, d,) + ( Y, d,) and its inverse are both uniformly continuous. 
Claim 2.4. ([5, 151.) There exist a metric function d, of Y and h > 1 such that zffor 
2, 7~ Y, d,(x, Y) < el, then d,(g(Z), g(y)) 2 Ad,(%, j); and moreover id: (Y, d,)+ 
(Y, d,) and its inverse are both uniformly continuous. 
Proof. For (2, y) E Y x Y with O< d,(%, j) < e,, there is n 2 -1 such that (2, j) E 
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un+,\ un+2. Since E, is chosen such that El < 1/Z5, we have (2, j) E U,n U,,+,, and 
so n 2 3. It is clear that 
l/2”+’ G d,(Z, J) G min{1/25, l/2”+‘}. 
Since (X,~)E V,+n,,,,\V,+(n+,,nO, d,@(x), g’(V))> &1 for some j with n%<jc 
(n+l)n,. Letting (2, W) = (g”+(X), g3”Q)), we have 
d,($-3”0(z), gJp3”‘+‘)) = d,(g’($, g’(y)) 2 E,, 
so that (Z, %)a V,+Cn_Zlno= U,_,. On the other hand, since d,(g’(Z), g’(J)) < E] for 
0 <j G nn,, we have 
d,(g’-3”“(z), g--‘“qw)) = d,(gJ(Z), g’(J)) = E, 
- - 
for 0 <j - 3 n, s (n - 3)n,, which implies (z, w) E V,+Cn-31no = U,_,. Therefore 
d,(g3”0(%), g’“Q)) 2 l/2” 2 2&(x, jj). 
Put y=2 -,/3n0 and A = 2_,,3”0-, (> 1). Define a metric function d, by 
3n,-1 
d,(-f, j) = ,“, Yi4ki(a g’(Y)). 
Then d3 has the desired properties. 
Claim 2.5. For F > 0, there is 6 > 0 such that U,(g(X), d,) c g( U,(Z, d,)) for every 
i?E Y. 
Proof. Since d,(C’2, j) = d,(X, aj) for a E X and 2, YE Y, we have xU,(C, d,) = 
U,(X, d,) for .? = A, x = xA E Y. Since g is open, for e > 0 there is S > 0 such that 
U,(i?, d,)c g(U,(C, d,)), and so f(x)Us(2, d,)cf(x)g( U,(C, d,)) for XEX. This 
shows the conclusion of Claim 2.5. 
Claim 2.6. (Y, d,, g) has P.O.T.P. 
Proof. For E’ with 0 < F’ < E,, the closure of U,.( 2, d,), U,,(t?, d,), is compact (because 
U_(e, d,) c Y, and Y, is compact in Y). So we choose F with 0~ E < e’ such that 
U,(Z, d3) is compact. By Claims 2.4 and 2.5, we can find 6 with O< 6/(1 -A-,) < E 
so that U,,C,_,ml,(g(X), d3) = g( U,(X, d,)) for every X E Y. Let {X,},a0 be a 6-pseudo- 
orbit under d, for g and fix n 2 0. For ZcO,~ Us(g(X,,), d3) there is X(‘)E UF(X,, d3) 
such that z?(O) = g(X”‘). Since d,(%“‘, - x,) < E, by Claim 2.4 we obtain 8 > d,(g(X”‘), 
g(G)) 2 Adx(X (I), 2,). Therefore 
d3(X(“, g(R,_,)) s d3(X (,I, x,)+d3(ifn, g(x+,)) < 6(K’+ l), 
from which there is z?(‘) E U,(zZ_,, d3) such that X(‘,= g(X”‘). Since d3(XC2’, X,_,) < F, 
d3(%,_,,X’*‘)<8(Ap2+Am’) and obviously d3(~.‘2’,g(~,_2))<6(A~2+A~‘+l). 
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Repeating this argument, we see that for 
%“‘E U&(h -~+...+*-l+,,(g(x,~;), d3) 
there is X(‘+‘) E U,(X,_, d3) such that 
x(i) = g(x(l+i)), 
d~(x(i+i),x,_i)<6(A~‘+...+h-1), 
d~(x(‘+‘),g(x,_i+,))<6(h~‘+...+A-’+l). 
If i = n, then dj(x(“+‘), X0) < e, and for 0 < i c n 
d3(gi(X(“+‘) ), xi) = d3(.f(“-‘+I), xi) < E. 
Since n is arbitrary and {X(“+‘): n 3 0} = l.J,(&,, d3), and since lJ,(X,, d3) is compact, 
it follows that x(“+i)+ X when n -f ~0 (taking a subsequence if necessary). Therefore 
d,(g’(x), xi) G E for i 2 0, and by Claim 2.4, (Y, d,, g) has P.O.T.P. 
Let d; denote the compatible metric function of Y defined by 
d;(Z, J) = min{d,(x, J), 1). 
Since (Y, d,) is complete, so is (Y, d:). Let P = X$ Y be the direct product space 
of copies of Y, and define a metric function d4 by 
Then (P, d4) is a complete metric space. Put B = nr fi(A). Then B is a compact 
subgroup of X and f(B) = B holds. Note that B is not necessarily normal in X. 
The left coset space X/B is complete under the metric function 
d,(xB, yB) = inf{d,(xa, yb): a, b E B}. 
As before define a homeomorphism h by h(xB) =f(x) B (x E X). Then h and h-’ 
are both uniformly continuous. Let F, be as above. Then it is easily checked that 
U,,( B, d5) is compact in X/B. Indeed, this follows from the facts that d,(xA, A) = 
d,(xA, A) c d,(xB, B) = d,(xB, B) for every x E X (since A 2 B) and UEI(A, d,) c Yl. 
Claim 2.7. (X/B, d5, h) is expansive and E, is its expansive constant. 
Proof. The proof is very similar to that of Claim 2.1 and so we omit the proof. 
Let p be the map from X/B into P defined by 
P(xB) = U-‘(xM;“, (x E X), 
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and u be the shift map of P defined, as usual, by u{yiA};” = {y:A}y where yjA = 
y,+,A. Then we obtain easily u 0 p = /3 0 h on Xl B. 
Claim 2.8. p: Xl B + p (Xl B) is a homeomorphism. 
Proof. If y,B+yB (n+~) then fi(yn)A+fi(y)A for all izl. Since P(ynB)= 
{fi(y,)AITO and P(yB) = {f’(yMl;“, P is continuous. If p(yB) =P(y’B), then 
f’(y)A=f’(y’)A and y-‘y’~f’(A) for all i 2 1, in which case y’A = yA. To see 
thecontinuityofp~‘,assumeP(x,B)-,p(xB)whenn~oo.Thenf’(x,)A~f’(x)A 
(i z 1) and obviously f'(x-'x,)A + A. Let V(A, d,) be a compact neighborhood of 
A in X. For every i a 1, there is N,, v > 0 such that x-‘x, E f’ ( V( A, d,)) for n 2 Ni, V 
Hence {x,: n 3 N,,,} c xf’( V(A, cl,)). For a subsequence {x,,} if x,) + q then x-‘q E 
fi( V(A, d,)). Since V(A, d,) and i are both arbitrary, f’(x-‘q)E A for i> 1, in 
which case qB = xB. This implies that x,B + xB when n + 0~. 
Claim 2.9. p: (Xl B, d,) -+ (p(X/ B), d4) and its inverse /K’ are both uniformly con- 
tinuous. 
Proof. This follows from the facts that d,( B, x-‘yB) = d,(xB, yB) and d4(j3( B), 
P(x-‘yB)) = d4(P(xB), P(yB)) for x, Y E X. 
Claim 2.10. (/3(X/B), d,, a) has P.O.T.P. 
Proof. By Claim 2.6, ( Y, d,, g) has P.O.T.P. Since d, and di are uniformly equivalent, 
( Y, d;, g) has P.O.T.P. Choose F > 0 so small that xA E Yl when d{(f’(x)A, A) < 2~, 
and let k be a positive integer with CT+;, l/Zi < ~/2. Let 6’ be the number such that 
if d:(fk(x)A,fk(y)A) < a’, then d,({f’(x)A};“, {f’(y)}?) < E. For this 6’, let 8” 
be the number with the property of P.O.T.P. under d; for g. Take and fix 6 with 
O< 2kS < 8”. Assume {.5,,}nez = {{f’(z,)A}“} . , neL 1s a &pseudo-orbit under d4 for u; 
i.e. 
&(dz,), i+, ) = f, (1/2’)d;(fi+‘(z,)A,fi(z,,,)A)<6. 
Then we shall show the existence of a tracing point ZE P such that d,(a”( Z), &> < F 
for n E 2. To do this, fix i,>O and put w, =fk(z,) for n 2 -iO. Then {WnA},z-iOC Y, 
and for n 2 -i,,, 
d;(fk+‘(z,,)A,fk(z,,+,)A) = d:(g(w,A), w,+lA) ~2~6 CC 8”. 
Hence {w,A},,,_~ is a 8”-pseudo-orbit under d: for g, so that there is a tracing point 
fk(yio)Ae Y such that for n 3 -iO 
d;(f+i0(fk(y,)4, WA) = 4(g”+iQ-k(y,)A), (fkh)4) < 6’. 
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Therefore, for n 2 -i, 
: (1/2’)d:(f’[~,‘f”+~~(~,)lA, A) 
i=l 
= : (1/2’)d:(f’(f”+“(v,)A, (fYzn)M) 
i=* 
= d,(cr"{.f'(f"(yb))A}T", U-‘(zn)Al;“) < E, 
and if in particular i = 1, then d;(f’[~,‘f”+~o(yJ]A, A) <2&, for n 3 -i,.,. By the 
choice of E we have [z,‘f”+‘o(y,)]A E Yl for n 3 -io. Fix n with n 3 -i,. Since i. is 
arbitrary, the sequence {[~;‘f”“~~(y,)]A}, is contained in Y,. Since Yi is compact 
open in Y, there is f”(z)A~ Y such that z,‘f”+‘o(y,)A~z,‘f”(z)A when &,+a 
(taking a subsequence if necessary). Putting z”= {f’(z)A};“, we have ZE P and 
F 
i=l 
for nEZ. 
(1/2’)d;(f”“(z)A,f’(z,)A) = &(8(i), 2,)~ E 
Claim 2.11. (X/B, d5, h) has P.O.T.P. 
Proof. This follows directly from Claims 2.9 and 2.10. 
Note that Y = X/A is not discrete. Then Xl B is not discrete; i.e. Xl B contains 
no isolated points. Since (X,f) has a dense orbit by assumption, so does (Xl B, h). 
By Claims 2.7 and 2.11, the set of all periodic points of h, per(h), is dense in X/B. 
Note that &I is an expansive constant for (Xl B, d5, h). For convenience, an element 
xBEX/B is denoted by x”=xB. If O<E<E 1 and 2~ X/B, let W:(?, d5) and 
Wz(<, d,) be the local stable and unstable sets defined by 
W:(<, d5) ={JEX/B: d,(h’(J), h’(T))< E, iZO}, 
W,“(Z,dd,)={y~X/B: d,(h-j(j), h-‘(x”))<E,j>O}. 
Claim 2.12. ([ll].) For all h > 0 there is N > 0 such that 
h”( W:(-% ds)) c W;(h”(:), d,), h-“( W:(Z, d5)) c W:(hp”(.S), d,) 
for all 2 E Xl B and n Z= N. 
Proof. If this is false, we can find sequences ?,, = x,B, $,, = y,B E Xl B, m, > 0 such 
that Tn E WS(,?,,, d5), lim rn,, = cc and d,(h”n($,,), h”~~(_P~)) 2 A. Since y,, E WZ(X,, d5), 
we have d,(h’(hmn(Z)), h’(hm*(Fa)))<& for all js--m,,. Since h(Z)=f(x)B by 
definition, d,(h”n(y;‘x,B), B) 5 E, and hence the sequence {h”n(y,‘x,B)}, is con- 
tained in some compact subset of X/B. If h”‘“(y~‘x,,B) + ZB when n + 00, then 
N. Aoki / Dense orbits of automorphism 11 
d,( /I’( zII), B) G E for all j E Z. Moreover d5( zB, B) 3 A, thus contradicting the expan- 
siveness. 
Now define the stable and unstable sets WS(?, d5) and W“(Z, d5) as 
WS(X, d5) = IJ h_“( W:(h”(<), d5)), 
n=0 
W”(<, d5) = l.J h”( WF(K”(<), d5)). 
n20 
Claim 2.13. For every .G E Xl B, 
W’(?, d,) = {Y”E X/B: ;\ir d,(h”(x”), h”(J)) = 0}, 
W”(Z, d5) = {JE X/B: !‘_y d,(hP”(:), h-“(J)) =O}. 
Proof. This is easily obtained by Claim 2.12. 
The proofs of the following Claims 2.14 and 2.15 are a modification of those 
given in R. Bowen [4]. 
Claim 2.14. For b E per(h), W, = W”( F, d5) is open in Xl B. 
Proof. For O< E < E,, let 6 be the number with the property of P.O.T.P. for 
(Xl B, d,, h). Put U,( W,, d5) = {JE X/B: d,($, W,) < 6). Since per(h) is dense in 
Xl B, it is enough to see that every periodic point 4 E U6( WC, d,) is in WC. Take 
X E W”(G, d5) with d5(i, X) < 6. Since (Xl B, d5, h) has P.O.T.P. (by Claim 2.11), 
there exists JE W’(& d,)n W”(2, d,). Let h”‘(b)=; and h”(G)=q. Since 
W”(_f, d5) = W”(i, d,), we have 
hk”“‘(F)~ hknm( W”(& d5))= W”(fi, d,), (k>O), 
hence d,(hk”“(y”), hk”“(4))= d,(hk”“(j), G)+O when k+m. Therefore GE WC. 
Since h( W,) = WhCrij, we have h”( W,) = W, since !I”( p’) = i. Note that (Xl B, h) 
has a dense orbit. Then Xl B = W, LJ. . * u h mP1( Wf). Hence G = BE h’( W,) for 
some j and so W, c W, (since h( e”) = e’). By Claim 2.14, WC is open and closed. 
Since h( W,) = W,, we have W, = Xl B. Therefore W, = Xl B for every $ E per(h). 
Claim 2.15. (Xl B, h) is topologically mixing. 
Proof. Assume U and V are non-empty open subsets of Xl B. Take a periodic point 
j7~y with h”‘(c)=i. Since W”(h’(i),d,)=X/B for Osj<m-1, Un 
W”( h’( i), d5) # 0 from which we choose a point 4. Then hP”“( 4) + h’( p’) (t + a). 
Hence there is M, > 0 such that hPmrPJ(i,) E V for t > MP Put M = 
max{M,, . . . , M,,_,}. Then hPmrPi (6)~ V for l<j<m-1 and t>M. Hence 
h mr+j( V) n U # 0 for 0 G j <m-l and t>M. And so h”(V)n U#0 for namM. 
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Now we give the proof of Proposition 4 under the above preparation. Note that 
B=r);f’(A)=n:‘,,D,f(B,) and {B,} is chosen such that B, L {e}. Since m0 is 
arbitrary, it is easily obtained from Claim 2.15 that (X, d,,f) is topologically mixing. 
Nextweprovethat(X,d,,f)hasP.O.T.P.ByClaim2.11,(X/B,d,,h)hasP.O.T.P. 
Since f(B) = B and B is compact, (B,f) has P.O.T.P. by Theorem D; i.e. for E > 0 
there is 6 with 0 < 6 < E such that every &pseudo-orbit under do for f is e/2-traced 
by some point in B. Now define a map R, by R,(x) = xu (a, x E X). Then R,: X9 
is uniformly continuous under d,. We can find 77 with O< n < 613 such that if 
d,,(x, y) < r] then d,,(f(x),f(y)) < 6/3. Moreover, for this 7, choose 0 < no< n such 
that d,(R,(x), R,(y)) < 7 when d,(x, y) < q,. Since (X/B, d5, h) has P.O.T.P., for 
this no let <(<a/3) be the number with the property of P.O.T.P. under d, for h. 
Let {xi} be a l-pseudo-orbit under do for f: Obviously d,(h’(xB), x,B) < v. for 
i E Z. Since h’(xB) =f’(x)B (i E Z), there are bi, b: E B such that d,(f’(x)bj, xibi) < q, 
for all iEZ. Put b:b,‘=ui for iEZ. Then do(f’(x)ai, xi) < 77 and 
d,(f+‘(x)f(ui)gf(xi)) < 6/3, SO that 
do(f(ai), a,+,) = d~(f’+‘(x)f(ui),f’+‘(x)ui+,) 
4 do(f’+‘(x)f(ui),f(xi)) + &(f(xi), xi+r) 
+ do(xi+r,fi+r(x)ai+r) < 8. 
Hence there is u E B such that dJf(u), ai) < ~/2 (i E Z). Therefore do(f’(xa), Xi) d 
do(f’(xu),f’(x)ui) + d,(f’(x)q, xi) < B for i E Z. The proof of Proposition4 is comp- 
leted. 
Remark 5. It was proved by the present author (Theorem 1, [2]) that there exists 
an ergodic automorphism f (under the Haar measure) of a compact totally discon- 
nected metric abelian group Y such thatf has no periodic points except the identity 
of Y. In this case (Y,f) is not expansive. If (Y,f) is expansive, then the set of 
periodic points is dense in Y since (Y,f) has P.O.T.P. (by Theorem D). It follows 
therefore that (X,f) in Proposition 4 is not expansive in general. Indeed, X must 
be compact by Proposition 3. Since X is totally disconnected, the restriction off 
to the center of X is ergodic (see [ 11). Now let X be a compact totally disconnected 
metric group such that the center of X contains Y as a subgroup. Then we see that 
(X,f) cannot be expansive. 
3. Appendix 
We shall give a proof of Theorem C. 
First we remark that f is bicontinuous ([13]). Assuming X, is not compact, we 
shall derive a contradiction. Let N be the maximal compact subgroup of X0 such 
that N is normal in X0 and X,/N is the Lie group. Then X,,/ N contains no compact 
subgroups that are normal in X,/N. It is easy to see that N is normal in X. Indeed, 
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put o(x) = x_vx-i for x E X. Then u is an inner automorphism and v(X,) = X0 holds. 
Since u(N) is compact and normal in X0, we have a(N) = xNx_’ c N by the 
maximality of N. For convenience put Y = X/IV and Y0 = X,/N. Note that Y0 is 
not compact. Since Y/ Y,, = X/X,, Y/ Y,, is totally disconnected. Since Y/ Y0 is 
compact, there is a compact normal subgroup K of Y such that Y/K is a Lie group 
(cf. see p. 175, [12]). Put K, = Kf(K) * + *f”(K) for n~=0. Clearly Y/K,, is a Lie 
group. Since YoK,I K, is the connected component of the identity of Y/K,, Y,K,/ K, 
is open in Y/K, so that YoK, is closed and open in Y. Put W = Ur Y,,K,. Then 
W is closed and open in Y and f( W) c W holds. Since ( Y,f) is ergodic under the 
Haar measure, ( Y,f) has a dense orbit. Hence we have f( W) = W (since Y0 is not 
compact), in which case Y = W. Since f’(K) is compact and f’(K) c W = 
lJnsO YoK,, there is m >O such that f’(K)c YoK,_,. Hence Kc 
Y&K). . . f”( K) = YoK,, and obviouslyf( Y,K,) = Y,K,. By ergodicity, YoK, = 
Y. Since K, is compact and normal in Y, K, n Y. = {e} (because Y,, contains no 
compact normal subgroups of Y). Therefore Y = K, x YO, in which casef( K,) = K,. 
Clearly (Y,,f) is ergodic under the Haar measure. By Theorem B, Y0 is compact, 
thus contradicting the non-compactness of YO. 
Remark 6. Halmos’s question is slightly extended to affine maps as follows. Can a 
continuous affine map of a non-compact locally compact group be ergodic under 
the Haar measure? This was solved in the negative by N. Aoki and Y. Ito [3] and 
R.K. Thomas [16] for non-discrete abelian groups, and by S.G. Dani [6] for connected 
groups. Although we do not settle here the case of affine maps of totally disconnected 
groups, it seems likely that the methods presented here could be pushed to give 
that case. 
While proving Propositions 3 and 4, the following remains unsolved. 
Remark 7. Let f be a (self-) homeomorphism of a locally compact complete metric 
space X with a metric function d. Is it possible to show that if (X, d,f) is expansive, 
topologically mixing and has P.O.T.P. then X is compact? The author knows nothing 
about this subject, except the following remarkable examples. 
(1) Every hyperbolic automorphism of the n-dimensional euclidean space R” is 
expansive and has P.O.T.P. under the usual metric function, but is not topologically 
mixing. ’ 
(2) Let f be hyperbolic toral automorphism of the 2-dimensional torus U2 with 
the usual metric function d. Put K = U2\{O}. Then f( K) = K, and obviously (K, d lK) 
is not complete. In this case (K, djK,f) . IS expansive and topologically mixing, but 
has not P.O.T.P. 
(3) Let K and f be as in (2) and d be the usual metric function of lR3. Then there 
exist a non-compact locally compact metric space E and a homeomorphism g: E 9 
such that E is contained in R3, (E, g) is homeomorphic to (K, f) and E is complete 
under dlE, and such that (E, g) is topologically mixing and expansive under dlE, 
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but has not P.O.T.P. under dlE. For example, as the space E we consider the set 
of the following figure which denotes the connected sum E = T2 # Q of 8’ and the 
2-dimensional plane Q. Since E is contained in R3, (E, dlE) is a non-compact locally 
compact complete metric space. By using the stereographic projection, we can define 
a homeomorphism g: EG such that g is conjugate to flK. Then (E, dlE, g) satisfies 
the desired properties. 
Fig. 1 
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